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M A T H E M A T I C A L  M O D E L  O F  Q U A S I S T A T I O N A R Y  
C O N D I T I O N S  O F  MASS T R A N S F E R  IN AN 
E L E C T R O D I A L Y S I S  C E L L  

M .  N .  K h a n m a m e d o v  UDC 628.165.087.97+628.337 

The author suggests a quasistationary mathematical model of the mass-transfer conditions in an elec- 
trodialysis cell in which the main operating parameters of  the electrodialysis apparatus are expressed 
as a function o f  the dimensionless diluate concentration. 

In [1], a quasistationary mathematical model of the mass-transfer conditions in an electrodialysis cell is 
described. The model allows calculation of the parameters that are of importance for optimum operation of the 
electrodialysis apparatus. Its main parameters Uc, i, L are presented as functions of the dimensionless concen- 
trations X = Ct,/Ca and Y = Cd/Cin. 

We offer the possibility of representing the main operating parameters of an electrodialysis apparatus 
as a function of just the dimensionless concentration Y. In doing so, we employ the assumptions and notation 
adopted in [ 1 ]. 

The calculated average current density along the path in an electrodialysis cell is determined by the 
expression [1] (see Fig. 1) 

L 
1 

iav=-£ I i ( l) dl . 

o 

(1) 

The relation of the membrane area Fm required for attaining the desired degree of demineralization 
AC, the output capacity of the apparatus Vo, and the average current density iav is determined according to the 
Faraday law as 

FVoAC (2) 
F m - - -  

Tliav 

The total area Fm and the output capacity V o can be expressed as 

F m = mLnm, (3) 

V ° = vmdan. (4) 

After transformation, expression (2) acquires the form 

FvddzXC (5) 
L -  - -  

Tli.v 

For further analysis, it is necessary to know the quantitative relationship between Cd(l) and Cb(l) since 
its representation in [1] is inadequate. 
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Fig. 1. Calculation scheme of the demineralization process in the elec- 
trodialysis cell. 

Let 214o, Md, and Mb be the mass flow rates of the salts (kg/sec) in the overall flow and the flows in 
the diluate and brine chambers; let V o, V d, and Vb be the volume flow rates (m3/sec) in the overall flow and 
the flows in the diluate and brine chambers. Then we can write 

Mo = Md + Mb , (6) 

Vo= Vd+ Vb, (7) 

On the other hand, 

Voq. = v d q  + VbCb. (8) 

V d = mddV , (9) 

whence 

or 

Vb=mdbV ' (10) 

Vo =m (rid+ dO v.  

Substituting (9)-(11) into (8), we arrive at 

Ci.m (d d + db) v = mddvC d + mdbvC b , 

Cd (/) = ~ [Cin (do + d b) - Cbdb] 

Cd( l )= C m [1 +~(1  - XY)]. 

Equation (14) can be represented in the form 

C d (/) + ~ C  b (l) = Gin (1 + ~ ) .  

C d (/) + C b (I) = 2Cin. 

I f ~ =  l, then 

Differentiating equality (15) with respect to l, we find 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 
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d C  d (I) d C  b (l) 

d l  - - f~ d t  

(17) 

Now we present a differential analog of formula (2): 

FVo 
d F  m (i) - - - -  d C  d (l) . 

~]i (l)  
(18) 

With account for (3) and (4), equality (18) can be expressed as 

nFvmd d 
d (mlnm) - - -  d C  d ( l ) ,  

n i  (1) 
(19) 

or bearing in mind that nm= n, we obtain 

dCd (0 ni (0 
dl - F v 4 "  

(20) 

Substitution of  (20) into (17) yields 

d C  b (l) n i  (l) 

dt - 13F~dd" 
(21) 

The voltage drop on a cell necessary for attaining the current density i(1) at the point l = 0, i.e., at the 
cell inlet, can be expressed, according to [1], as 

R T l n  X /in [~.~m 1 KYCin] " 

Proceeding from expression (22), we can represent the relationship between the current density, volt- 
age, and concentration for the point l in dimensionless form as 

U c ( l ) = 2  In - ~  + C  d(l) × 

X + 1 + 1 / -- ~ ~ "l- e Y C i n  f . (23) 
tt ,  z 

Since Uc(/) = Uc.inb according to (23) the current density at the point I can be expressed by the formula 

Cd (/) [Uc'inl - 2 ~-~ In (-~-~- - ~J) ] (24) 
i (1) = 

Substitution of (24) into Eq. (20) yields 

dl Fvda i/.~ +__~)[1 + 1/IX ~ ~ _ i~) 13] + KYCin } 
829 



Therefore after replacement of the variables we obtain an expression for the total path length of  the flow L 
required for decreasing the dimensionless concentration of the diluate from I'm to Yc.out in a single pass of it 
through an electrodialysis cell: 

L _  t Fvdd YT' 7 + 1 

rl 

dY 
y . 

(26) 

Next with account for (15) we have 

fin (1 + B) -- Cd (l) 
Cb (l) B ' 

(27) 

and then 

X _  m 
Cb(l) 1 + [ 3 - Y  

C d (I) ~Y 
(28) 

Similarly, we find 

With account for (29), Eq. (26) acquires the form 

(29) 

Fvd d ~(" p [1 + l / f (Y)]  +KYCin dY 
L= J 

_ ~  lnf~Y) Y '  
Yin U c . i n  1 - 2 - -  -- 

(30) 

where 

f,=am - . ~ - - .  

Z a 

After replacement of the variables we can rewrite Eq. (24) as 

i (/) - 
p [1 + l / f ( I0 ]  + KYCin 

(31) 

or with account for Cd(l) = CinY we find 

i ( / ) -  
p [1 + l / f(Y)]  +KYCin 

(32) 

In [1], the author gives the calculated average current density in the form 
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R T  
Uc. in  1 - 2 ~ l n  X N 

Zav = [ + dO/ZN + (San/Z~ + Scat/Zcat) XNaCI] (33) 1 
Cav l "~ [-1T O"'~ (--~+-N"~ 2 - -~  J " 

Unfortunately, in [l] the procedure of derivation of formula (33) is not described, and therefore in 

practice its use is difficult. We will try to derive a similar formula within the framework of the presented 
theoretical approach. 

Since the right-hand side of  equality (32) is an explicit function of the variable Y, i(l) = i(Y): 

~ out CinY g c . i n  I - 2 --~ In 
1 i ~ (34) 

iav---rc.out-Vi° d r .  

Equations (30)-(34) describe the dependence of the structure parameters of the cells and the applied 
voltage on the demineralization effect and the average working current density. 

Use of the suggested mathematical model for calculation of the parameters of an electrodialysis appa- 
ratus reduces the volume of computer-assisted calculations. 

Thus, we have shown the possibility of representing the main operating parameters of the apparatus as 
a function of just the dimensionless dialute concentration, which substantially simplifies the traditional mathe- 
matical model and reduces the computer time for its numerical implementation. 

N O T A T I O N  

Uo voltage drop on the cell; i, current density; L, total path length of the flow; l, current value of the 
path length of the liquid flow in the chambers; Al, its increment; iav, average current density; Fm, area of the 
membranes; AC = Cin-  Cd(l); Cin, electrolyte concentration at the cell inlet; Cd = Cd(l), current value of the 
salt concentration in the diluate chamber; Vo, volume flow rate in the overall flow; F, Faraday constant; 1"1, 
current yield; m, width of the liquid flow in the cells; n m, number of membranes; v, linear velocity of the flow; 
n, number of cells; dd, distance between the membranes of the diluate cell; db, distance between the membranes 
of the brine cell; ~ = db/dd; Vd, volume flow rate in the flow in the diluate chamber; Vb, volume flow rate in 
the flow in the brine chamber; X = Cb/Cd, dimensionless concentration of the brine; Y = Cd/Cin, dimensionless 
concentration of the diluate; Fro(/), current value of the membrane area; i(l), current value of the current den- 
sity; Vc.inl, voltage drop on a cell required for attaining the current density i(l) at the point 1 = 0, i.e., at the 
cell inlet; Yin and Yc.out, dimensionless concentration of the diluate at the cell inlet and outlet, respectively; R, 
universal gas constant; iin, current density at the beginning of the demineralization process; T, solution tempera- 
ture; 5m, Sd, thickness of the membranes and the diluate, respectively; Z, electrical conductivity of the mem- 
branes; a, thickness of the swirler connectors; K, constant determining the electrical conductivity of the 
membranes; Cav, average concentration of the diluate along the length of the cell; N, number of demineraliza- 
tion stages; XN, dimensionless brine concentration at the end of the path; ~,, equivalent electrical conductivity 
of the solution; Zan and ~{cat, electrical conductivity of the anionite and cationite membranes, respectively; San 

and Scat, thickness of the anionite and cationite membranes, respectively. Subscripts: b, brine; d, diluate; in, 
initial; m, membrane; o, overall; c, cell, c.inl, at the cell inlet; c.out, at the cell outlet; av, mean. 
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